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$S_{k}^{(N,M)}(n_{1}, \ldots, n_{k}):= \sum \epsilon$
$1\leq t_{1}\leq\cdots\leq i_{k}i_{1}\cdots i_{k}n_{1}.n_{k}.$
$k,$ $N,$ $M$ $\omega M:=\exp(\frac{2\pi\sqrt{-1}}{M})$ , $\epsilon_{1}^{(N.)_{i_{k}}}1\cdot\cdot\in\{0,1\}$
$\epsilon_{i}^{(N)}:=1,$ $\epsilon_{ij}^{(N)}:=\{$
$0$ $i=j\not\equiv 0$ $(mod N)$ ,
$\epsilon_{i_{1}\cdot\cdot i_{k}}^{(N.)}:=\prod_{j=1}^{k-1}\epsilon_{i_{j}i_{j+1}}(k\geq 3)$
lotherwise,
$k=1$ $Li_{n}(z):= \sum_{i=1}^{\infty}\frac{z^{i}}{i^{n}}$ $z=\omega_{M}$
$\zeta_{k}\cdot$ , $\zeta_{k}^{\star}$
$\zeta_{\dot{k}}(n_{1}, \ldots, nk):=\sum_{1\leq i_{1}<\cdot\cdot<i_{k}}.\frac{1}{i_{1}^{n_{1}}i_{2}^{n2}\cdots i_{k}^{n_{k}}}, \zeta_{k}^{\star}(n_{1}, \ldots, n_{k}):=\sum_{1\leq i_{1}\leq\cdot\cdot\leq i_{k}}.\frac{1}{i_{1}^{n_{1}}i_{2}^{n2}\cdots i_{k}^{n_{k}}},$
$\zeta_{k’}^{alt}$ , $\zeta_{k}^{\star,alt}$
$\zeta_{k’}^{alt}(n_{1}, \ldots, n_{k}):=\sum_{1\leq i_{1}<\cdot\cdot<i_{k}}.\frac{(-1)^{i_{1}+.\cdot\cdot.\cdot+i_{k}}}{i_{1}^{n_{1}}i_{2^{2}}^{n}\cdot i_{k}^{n_{k}}},$ $\zeta_{k}^{\star,alt}(n_{1}, \ldots, n_{k}):=\sum_{1\leq i_{1}\leq\cdot\cdot\leq i_{k}}.\frac{(-1)^{i_{1}+.\cdot\cdot.\cdot+i_{k}}}{i_{1}^{n_{1}}i_{2}^{n2}\cdot i_{k}^{n_{k}}}$
$M=1$ $S_{k}^{(1,1)}=\zeta_{k}^{\star},$ $S_{k}^{(\infty,1)}=\zeta_{\dot{k}},$ $M=2$ $S_{k}^{(1,2)}=\zeta_{k}^{\star,alt},$ $S_{k}^{(\infty,2)}=\zeta_{k’}^{alt}$
1. $M=2$ $\mathcal{S}_{k}^{(N,2)}$ $\zeta_{k}^{\star,alt}$
$N=2$ $S_{k}^{(2,2)}=S_{k}$
$S_{k}^{(N,M)}$ Arakawa-Kaneko $([AK1])$ L-
$L_{m}(n_{1}, \ldots, n_{k};f_{1}, \ldots, f_{k});=\sum_{1\leq i_{1}<\cdot\cdot<i_{k}}.\frac{f_{k}(i_{k}-i_{k-1})\cdots f_{2}(i_{2}-i_{1})f_{1}(i_{1})}{i_{1}^{n_{1}}i_{2}^{n_{2}}\cdots i_{k}^{n_{k}}},$
$L:(n_{1}, \ldots, n_{k};f_{1}, \ldots, f_{k}):=\sum_{1\leq t_{1}<\cdot\cdot<i_{k}}.\frac{f_{1}(i_{1})f_{2}(i_{2}).\cdot.\cdot\cdot f_{k}(i_{k})}{i_{1}^{n_{1}}i_{2}^{n_{2}}\cdot i_{k}^{n_{k}}},$
$*$ ( )
$1N=\infty$
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$L_{m}^{\star}(n_{1}, \ldots, n_{k};f_{1}, \ldots, f_{k});=\sum_{1\leq i_{1}\leq\cdot\cdot\leq i_{k}}.\frac{f_{k}(i_{k}-i_{k-1})\cdots f_{2}.(i_{2}-i_{1})f_{1}(i_{1})}{i_{1}^{n_{1}}i_{2}^{n_{2}}\cdot\cdot i_{k}^{n_{k}}},$
$L_{*}^{\star}(n_{1}, \ldots, n_{k};f_{1}, \ldots, f_{k}):=\sum_{1\leq i_{1}\leq\cdot\cdot\leq i_{k}}.\frac{f_{1}(i_{1})f_{2}(i_{2}).\cdot.\cdot\cdot f_{k}(i_{k})}{i_{1}^{n_{1}}i_{2}^{n_{2}}\cdot i_{k}^{n_{k}}}$










$\zeta_{k}\cdot(\{2m\}^{k}),$ $\zeta_{k}^{\star}(\{2m\}^{k}),$ $\zeta_{k’}^{alt}(\{2m\}^{k}),$ $\zeta_{k}^{\star,alt}(\{2m\}^{k})\in \mathbb{Q}\pi^{2km}$
$S_{k}(\{2\}^{k})$
1.1.









$H$ $L^{2}(\mathbb{R})$ $Spec(H)$ $H$ ( )
$Spec(H)=\{n+\frac{1}{2}|n\in \mathbb{Z}_{\geq 0}\}$ 1
$v_{n}(x)$ $:=H_{n}(x)e^{-\frac{x^{2}}{2}}(H_{n}(x)$ $:=(-1)^{n}e^{x^{2}} \frac{d^{n}}{dx^{n}}e^{-x^{2}}$ $n$










$\alpha,\beta>0,$ $\alpha\beta>1$ $\alpha,\beta$ 2 $Q_{\alpha,\beta}$
$Q_{\alpha,\beta}:= (\begin{array}{ll}\alpha 00 \beta\end{array})(-\frac{1}{2}\frac{d^{2}}{dx^{2}}$ $\frac{1}{2}x^{2})$ $(\begin{array}{l}0-110\end{array})(x\frac{d}{dx}$ $\frac{1}{2})$ .









$Q_{\alpha,\beta}$ “ ” 2
“ ” 2
$\alpha=\beta$
$Q_{\alpha,\alpha} \simeq\sqrt{\alpha^{2}-1}(\begin{array}{ll}1 00 1\end{array})(- \frac{1}{2}\frac{d^{2}}{dx^{2}}+\frac{1}{2}x^{2})=\sqrt{\alpha^{2}-1}(\begin{array}{ll}H 00 H\end{array})$
“ ” $Q_{\alpha,\alpha}$ $H$ 2






2.1 $([IW1])$ . $(i)$ $\zeta_{Q_{\alpha,\beta}}(s)$ ${\rm Re}(s)>1$
(ii) $\zeta_{Q_{\alpha,\beta}}(s)$ $s=1$ 1
${\rm Res}_{s=1} \zeta_{Q_{\alpha,\beta}}(s)=\frac{1}{\sqrt{\alpha\beta(\alpha\beta-1)}}.$








$J_{m}(n)=2^{m} \int_{0}^{1}\cdots\int_{0}^{1}(\frac{(1-x_{1}^{4})(1-.x_{2}^{4}\cdots x_{m}^{4})}{(1-x_{1}^{2}\cdot\cdot x_{m}^{2})^{2}})^{n}\frac{dx_{1}\cdotsdx_{m}}{1-x_{1}^{2}\cdots x_{m}^{2}}.$
$J_{m}(0)= \zeta(m, \frac{1}{2}) , J_{m}(1)=\frac{3}{4}\sum_{k=0}^{L\frac{m}{2}\rfloor-1}\frac{1}{4^{k}}\zeta(m-2k, \frac{1}{2})+\frac{1-(-1)^{m}}{2}$
$J_{m}(n)$ $m=2,3$ Ap\’ery-like number, $m$ higher Ap\’ery-like




$m\geq 3$ $J_{m}(n)$ J2 $(n)/J_{2}(0)$ $u_{2}(n)$
( )













$S_{k,p}= \sum_{1\leq i_{1}\leq\cdots\leq i_{k}\leq 2p}\epsilon_{i_{1}\cdots i_{k}} i_{1}^{2}\cdots i_{k}^{2}$
(2) $(-1)^{i_{1}+\cdots+i_{k}}$
$S_{k_{J)}}$ $parrow\infty$ $S_{k}(\{2\}^{k})$
$S_{k}( \{2\}^{k})=\lim_{parrow\infty}S_{k,p}= \sum \epsilon$
(2) $(-1)^{i_{1}+\cdots+i_{k}}$
$1\leq i_{1}\leq\cdots\leq i_{k}i_{1}\cdots i_{k} i_{1}^{2}\cdots i_{k}^{2}$













$([Ao])$ , Drinfel’d $([D])$ , Zagier
$\frac{\Gamma(1-X)\Gamma(1-Y)}{\Gamma(1-X-Y)}=\exp(\sum_{m=2}^{\infty}\zeta(m)\frac{X^{m}+Y^{m}-(X+Y)^{m}}{m})$
$(X=Y= \frac{x}{2}j_{n}$ $)$
3.2. (i) $n=1$ $S_{k}(\{1\}^{k})\in \mathbb{Q}[\log 2, \zeta(2), \zeta(3), \ldots, \zeta(k)].$
(ii) $n\geq 2$ $S_{k}(\{n\}^{k})\in \mathbb{Q}[\zeta(n), \zeta(2n), \zeta(3n), \ldots, \zeta(kn)]$ . $S_{k}(\{2m\}^{k})\in \mathbb{Q}\pi^{2mk}$ .
3.3. $n=1$
$S_{1}(\{1\}^{1})=-\log 2,$
$S_{2}( \{1\}^{2})=\frac{1}{2}(\log 2)^{2}-\frac{1}{4}\zeta(2)$ ,











(3.2) $S_{k}( \{2m\}^{k})=(-1)^{mk}(\sum_{\iota_{1},\ldots,\iota_{m\geq 0}} \omega_{m}^{l_{1}+2l_{2}+\cdots+ml_{m}}\frac{B_{2l_{1}}}{(2l_{1})!}\cdots\frac{B_{2l_{m}}}{(2l_{m})!})\pi^{2mk}.$
$\iota_{1+\cdots+l_{m}=mk}$





$S_{k}$ ( $S_{k}^{(N,M)}$ ) ( ) $k=2$









(1.1) $L$- $L_{*}^{\cdot}(a, b;\chi, \chi)$ ([BZB])
$S_{2}(1,2k+1),$ $S_{2}(2k+1,1)$ log2
$L$- 6.
5 (3.2) $\omega_{m}^{t_{1}+2l_{2}+\cdots+ml_{m}}$ (plethysm)
6 $L:(k, 1;\chi, \chi)-L:(1, k;\chi, 1)\in \mathbb{Q}[\log 2, \zeta(2), \zeta(3), \ldots, \zeta(k+1)],$ $L:(k, 1;\chi, \chi)+$





$\lambda=(\lambda_{1}, \lambda_{2}, \ldots, \lambda_{\ell})$ $\lambda$ $| \lambda|:=\sum_{j=1}^{\ell}\lambda_{j}$ $\lambda$
$\ell=\ell(\lambda)$ $\lambda$ $\lambda$ $k$ $\lambda\vdash k$ $m_{i}(\lambda):=\#\{j|m_{j}=i\}$
$\lambda$ $i$ $\lambda=(1^{m_{1}(\lambda)}, 2^{m_{2}(\lambda)}, \cdots)$
$\lambda$ 1 $\lambda>1$ $\lambda_{>1}=(2^{m_{2}(\lambda)}, 3^{m_{3}(\lambda)}, \cdots)$ $\lambda$
$\lambda$ even $\lambda,$ $\mu$ $\lambda_{i}-\mu_{i}=0$
1 $\lambda/\mu$ vertical strip $(4, 2, 2, 1, 1, 1)/(3,2,1,1)$ vertical strip
$x=(x_{1},x_{2}, x_{3}, \ldots)$
$e_{k}=e_{k}(x)= \sum_{1\leq i_{1}<\cdot\cdot<i_{k}}.x_{i_{1}}\cdots x_{i_{k}}, h_{k}=h_{k}(x)=\sum_{1\leq i_{1}\leq\cdot\cdot\leq i_{k}}.x_{i_{1}}\cdots x_{i_{k}}.$
$e_{k}$
$(x_{1}, x_{2}, \ldots)=(\frac{1}{1^{n}}, \frac{1}{2^{n}}, \ldots)$
$e_{k}= \sum_{1\leq i_{1}<\cdot\cdot<i_{k}}.\frac{1}{i_{1}^{n}\cdots i_{k}^{n}}=\zeta_{\dot{k}}(\{n\}^{k}) , h_{k}=\sum_{1\leq i_{1}\leq\cdot\cdot\leq i_{k}}.\frac{1}{i_{1}^{n}\cdots i_{k}^{n}}=\zeta_{k}^{*}(\{n\}^{k})$
$\zeta_{\dot{k}}(\{n\}^{k})$ $\zeta_{k}^{\star}(\{n\}^{k})$
$e_{k},$ $h_{k}$
$E(t)= \sum_{k=0}^{\infty}e_{k}t^{k}=\prod_{l=1}^{\infty}(1+Xlt) , H(t)=\sum_{k=0}^{\infty}h_{k}t^{k}=\prod_{l=1}^{\infty}(1-x_{l}t)^{-1}$
(4.1) $\sum_{k=0}^{\infty}(-1)^{k}\zeta_{\dot{k}}(\{2m\}^{k})t^{2mk}=\prod_{n=1}^{\infty}(1-\frac{t^{2m}}{n^{2m}}) , \sum_{k=0}^{\infty}\zeta_{k}^{\star}(\{2m\}^{k})t^{2mk}=\prod_{n=1}^{\infty}(1-\frac{t^{2m}}{n^{2m}})^{-1}$
$\zeta_{\dot{0}}=\zeta_{0}^{\star}:=1$ $\sin(x)$ $\sin(x)$ (
$\csc(x))$ $x=0$ ( ) (3.2)
$\zeta_{\dot{k}}(\{2m\}^{k}),$ $\zeta_{k}^{\star}(\{2m\}^{k})$ $\zeta_{\dot{k}}(\{2m\}^{k}),$ $\zeta_{k}^{\star}(\{2m\}^{k})\in \mathbb{Q}\pi^{2mk}$
$\psi$ $L:(\{n\}^{k};\{\psi\}^{k}),$ $L_{*}^{\star}(\{n\}^{k};\{\psi\}^{k})\in$








$k$ $\lambda=(\lambda_{1}, \ldots, \lambda_{\ell})$ $\lambda$ $(r_{1}, \ldots, r_{\ell})$
$S_{k}( \{n\}^{k})=\sum_{1\leq i_{1}\leq\cdot\cdot\leq i_{k}}.\epsilon_{i_{1}\ldots i_{k}}\frac{(-1)^{i_{1}.+\cdots+i_{k}}}{i_{1}^{n}\cdot\cdot i_{k}^{n}}$





$S(n; \lambda)=\sum_{(r_{1},\ldots,r\ell)\in p(\lambda)1\leq j}\sum_{1<\cdot\cdot<j\iota}.\epsilon_{j_{1\bigvee_{r\check{r_{l}}}^{j_{1}\cdots j_{\ell}\cdots j\ell}}}\ldots\frac{(-1)^{rj_{1}.+\cdots+r_{\ell}j_{\ell}}1}{j_{1}^{r_{1}n}\cdot\cdot j_{\ell}^{r_{\ell}n}}1$
$\lambda=\emptyset$ ( $\emptyset$ $0$ ) $S(n;\emptyset)$ $:=1$
4.1. $k=3$ :3 (3), (2,1), (1,1,1) 3 $\mathcal{P}$ ((3)) $=\{(3)\},$ $\mathcal{P}((2,1))=$




( (ii)) ( ).
4.2. (i) $\lambda\vdash k$ $\mu>1$ even $\lambda/\mu>1$ vedi$cal$ stnp $\mu\vdash k$
(ii) $\mu\vdash k$ $\mu>1$ even 7,
(4.2) $S(n;(1^{m1(\mu)}))S(n; \mu>1)= \sum S(n;\lambda)$ .
$\lambda\vdash k$
$\lambda/\mu>1$ :vertical strip







$s_{k}( \{n\}^{k})=\sum S(n;\lambda)= \sum \sum S(n;\lambda)$
$\lambda\vdash k \mu\vdash k \lambda\vdash k$
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